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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
 
© 2016 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the Scientific Committee of PCF 2016. 
Keywords: High Pressure Turbine Blade; Creep; Finite Element Method; 3D Model; Simulation. 
 
 
 
* Corresponding author. Tel.: +351 218419991. 
E-mail address: amd@tecnico.ulisboa.pt 
Procedia Struc ural Integrity 2 (2016) 3439–3446
Copyright © 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license  
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer review under responsibility of the Scientific Committee of ECF21.
10.1016/j.prostr.2016.06.429
10.1016/j.prostr.2016.06.429
 
Available online at www.sciencedirect.com 
ScienceDirect 
Structural Integrity Procedia 00 (2016) 000–000  
www.elsevier.com/locate/procedia 
 
2452-3216 © 2016 The Authors. Published by Elsevier B.V. 
Peer-review un r responsibility of the Scientific Committee of ECF21.  
21st European Conference on Fracture, ECF21, 20-24 June 2016, Catania, Italy 
On p opagati n of interface cracks in bi-layered strip in relati n t  
delamination of coatings from substrates of final thickness 
K.B. Ustinov* 
A.Yu. Ishlinsky Institute for Problems in Mechanics RAS, prospect Vernadskogo 101-1, Moscow, 119526, Russia 
Abstract 
The problem of a coatings delamination from a substrate is considered. Both the delaminated part of the coating and 
substrate are modelled as plates with a special attention to the boundary conditions, which are considered as generalized elastic 
clamping. For this type of boundary conditions the angle of rotation nd components of the displacement vector at the clamping 
point are related to the acting bending moment and components of the resulting force vector at that point by means of 3x3 matrix 
of elastic compliance.  Such type of boundary conditions appeared from the solution of the problem of a bilayered strip with the 
semi-infinite interface crack loaded at infinity. The analytical solution of this problem for the particular relation between the 
elastic constants of the layers (zero second Dundurs’ parameter) is obtained by reducing it to the homogeneous matrix Riemann 
boundary value problem solved by matrix factorization for two particular cases: (1) equal thickness of both layers; (2) thickness 
of one of the layers (corresponding to the substrate) being much more than the thickness of the other, so that this layer may be 
considered as a half-plane. For the general case of the arbitrary elastic constants and layers thicknesses the approximate solution 
has been obtained. The approximation involves neglecting the influence of the normal to interface stresses to the shear 
displacements and shear stresses to the normal displacements. According to the obtained solutions the asymptotics for the relative 
displacements of the separated layers for the points, remote from the crack tip, correspond to the deflection of plate (beam) with 
the described above boundary conditions. The fracture parameters (stress intensity factors and energy release rates) have also 
been obtained. Using the obtained solution the problem on buckling of the delaminated coatings is addressed. It has been shown 
that for a wide range of parameters the ratio of the critical stress, corresponding to buckling of the delaminated parts of coatings 
and the critical stress of a rigidly clamped plate is determined by a single nondimensional parameter, which is a combination of 
the elastic constants of the coating and substrate, and a combination of the geometrical parameters of the model. 
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1. Introduction 
The problem of cleavage of composed strips attracts attention, e.g. Hutchinson and Suo (1992), Yu and 
Hutchinson (2002), Parry et al. (2005), Cotterell and Chen (2000), due to its importance for applications. The key 
research object was to find the stress field near the tip of the crack separating the layers (stress intensity factor, SIF). 
However for the problems related to coating delamination the asymptotics of the displacement far apart from the 
crack tip are also of importance (ibid.). The leading terms of the asymptotics correspond to the displacements of 
plate (beam in 2-D) under the applied load and boundary conditions of the type of elastic clamping, i.e. the 
proportionality of the displacement and angle of rotation at the clamping point to the total vector and bending 
moment of the applied load (Fig. 1a) by means of the matrix of coefficients of compliance. 
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On finding the components of the matrix of compliance A  the problems of coating delamination may be solved 
in the frame of beam (plate) theory.  
An inhomogeneous elastic layer -h<y<1 composed by two isotropic parts (0<y<1 and -h<y<0) of different 
thicknesses and elastic constants is considered in plane strain (Fig. 1b). In the limiting case h  the lower layer 
transforms into a half-plane. A semi-infinite crack y=0, x>0 separates the layer so that the boundary conditions are   
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The external load with the total force  ,T N  and bending moment M  are applied at infinity so that 
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Here ,u v  are components of displacement vector, , ,xx yy xy   are components of stress tensor; all values 
related to the upper and lower layers have upper indexes 2 and 1, respectively. Young’s moduli and Poisson’s ratios 
(modified for plane strain) are ( ) ( ), , 1,2i iE i  . 
 
Fig. 1. (a) conditions of elastic compliance; (b) delamination of a combined layer; configuration. 
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Near the crack tip the stress field possesses an integrable singularity .  
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Using the result of works by Zlatin and Khrapkov (1885, 1986, 1990), Khrapkov (2001) where, in particular, the 
auxiliary problems for a half-plane and a strip were considered, the formulated problem has been reduced to a 
matrix Riemann problem of complex variable at the imaginary axis  p L  as follows 
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with conditions at key points (zero and infinity), which are followed from (4), (3)  
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Here, according to (7) and (2)  the integrands in (7) vanish for 0x   and 0x  , respectively, and, hence, 
functions  pF  are analytical in the right (left) half-planes, respectively.  
For the limiting case h  formulae (6) should be replaced with 
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The main obstacle consists in factorization of the matrix coefficient  K p , i.e. its representation in the form 
      p p p -1+ -K X X  (10) 
where functions  p±X  are analytical and  det 0p ±X in the left/right half-planes of p  . Nowadays the exact analytical solution for this problem is unknown; the following approaches may be suggested: 
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 - using approximations for matrix coefficient (5), e.g. Vorovich et al. (1974), Abrahams (1998); 
 - using approximation based on the assumption of the possibility to neglect cross-terms (non-diagonal terms) in 
(5) (i.e. set  12 21 0a a  ) e.g. Ustinov (2014, 2015b);  
 - solving the problem for the particular cases, allowing factorization in the closed form: Heins (1950), 
Chebotarev (1956), Daniele (1978), Jones (1984), Zlatin and Khrapkov (1885, 1986, 1990), Moiseev (1989), 
Antipov and Silvestrov (2002), Khrapkov (2001), Ustinov (2015a).   
Here the second and the third methods will be used. 
2. Solution of the matrix problem for the particular cases  
The exact analytical solution can be obtained by the method of Zlatin and Khrapkov (1885, 1986, 1990) for two 
particular cases: two layers of the same thicknesses or a layer on a half-plane ( 1 or )h h  , for both cases 
the second Dundurs’ elastic mismatch parameter (Dundurs, 1968) should vanish ' 0  . 
For the first case (h=1) matrices  1 tX  may be written, Zlatin and Khrapkov (1885, 1986, 1990), as follows 
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Here I  is the unit matrix. Functions    ,p p   are the solutions of scalar Riemann problems 
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For h  in all formulae 1   should be put everywhere, and expressions (14) should be replaced with 
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The solution of scalar problems (12) are given by 
                 
 
 
 
   
 
 
 
2 2 2
2 2
1 / 2 / 1 / 2 /
,
1 / 2 1 /
p p p
p J p p J p
p i p
  
  
   
   
   
     
 K.B. Ustinov / Procedia Structural Integrity 2 (2016) 3439–3446 3443
4 K.B. Ustinov / Structural Integrity Procedia  00 (2016) 000–000 
 - using approximations for matrix coefficient (5), e.g. Vorovich et al. (1974), Abrahams (1998); 
 - using approximation based on the assumption of the possibility to neglect cross-terms (non-diagonal terms) in 
(5) (i.e. set  12 21 0a a  ) e.g. Ustinov (2014, 2015b);  
 - solving the problem for the particular cases, allowing factorization in the closed form: Heins (1950), 
Chebotarev (1956), Daniele (1978), Jones (1984), Zlatin and Khrapkov (1885, 1986, 1990), Moiseev (1989), 
Antipov and Silvestrov (2002), Khrapkov (2001), Ustinov (2015a).   
Here the second and the third methods will be used. 
2. Solution of the matrix problem for the particular cases  
The exact analytical solution can be obtained by the method of Zlatin and Khrapkov (1885, 1986, 1990) for two 
particular cases: two layers of the same thicknesses or a layer on a half-plane ( 1 or )h h  , for both cases 
the second Dundurs’ elastic mismatch parameter (Dundurs, 1968) should vanish ' 0  . 
For the first case (h=1) matrices  1 tX  may be written, Zlatin and Khrapkov (1885, 1986, 1990), as follows 
         
         
     
1 1
1 1
(2) (1)
1 2 2
(2) (1)
cosh sinh
cosh sinh
1 1, 1 ,
1 1
p p p
p p p
p E Ep p p p
p E E
   
   
 
   
 
 
   
 
   

    
    
   
     
    
X I B
X I B
B
 (11) 
Here I  is the unit matrix. Functions    ,p p   are the solutions of scalar Riemann problems 
     1 1/2 ,p p p p L                    
1 ,p p p p p L        (12) 
Here the determinant  p  and the exponent  p  of matrix  pK  are determined in terms of eigenvalues 
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For h  in all formulae 1   should be put everywhere, and expressions (14) should be replaced with 
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The solution of scalar problems (12) are given by 
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On finding  pX , the final solution is obtained with the help of Liouville's theorem 
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Here  pΠ  is the vector function to be determined from (8). 
The most interesting results are related to the stress field near the crack tip, (SIF), and the displacement field far 
from the crack tip, which relates to coefficients of elastic clamping. According to the obtained solution the SIF is .  
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According to the generalization of Irwin’s formula, Salganik (1963), the energy release rate is 
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The last formula is similar to the one given by Hutchinson and Suo (1992) however in that work the influence of 
the transverse force was not considered. 
The displacements far from the crack tip is polynomial with the two leading terms (3-d and 2-nd power of x ) 
corresponding to deflection of the equivalent beam under the applied force and moment. The term of tangential 
displacement proportional to x  corresponds to tension of a road. The other terms corresponding to the constant 
relative displacements and rotations proportional to the applied total force and moment with the help of (1) may be 
written as follows (expressions for 11 33,
i ia a  are too awkward to be written here).  
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For rather rigid semi-infinite substrates ( 1   ) value of   becomes very close to the value obtained by 
considering the problem of a beam half-plane, see Salganik and Ustinov (2011). 
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      (21) 
3. Solution of the scalar problems  
 On assuming the possibility to neglect the cross-terms in (5), the matrix Riemann problem is reduced to two 
scalar ones. For normal separation we have 
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The energy release rate and coefficients of elastic compliance for which are (here   is Riemann zeta function) 
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For shear separation we have 
     
         
1
(2) 0
(2) (1)
0
sin cos / sin cos /
,0 ,0 , ,0
2
px px
xy
K p p p p d h p h p h p d
EF p u x u x e dx F p x e dx
x



 
 

   

     
       (25) 
The energy release rate (which may be found elementary for this case) and the only available for this case 
coefficient of matrix of elastic compliance for which are 
 
2
(2)
2 1 /TJ h
E
  ,   11 (2) 2 2 2 2 2
0
1 / tanh sinh cosh sinh coshlog
1 sinh sinh ( )
h s s s s hs hs hs dsa
E s s hs hs s


 
     
    
    
 
4. Application of the obtained solution to the problem of coatings delamination  
The most important coefficients of clamping compliance are presented in figure 3. It is seen that for 10h   the 
solution becomes very close to the case of semi-infinite substrate ( )h , which, in particular, proves that the 
formulae (Goldstein et al. 2011, Ustinov 2015) obtained for the critical value of compressive stresses cr
corresponding to buckling of the delaminated part of coating remain valid through not very thick substrates 
 
2 2 (2)
2 20 0 3
0 02 1 2 3 ... ,12
cr h E hd d
b b

           (26) 
       
Fig. 3. Coefficients of matrix of elastic compliance with respect to ratio of Young moduli of the coating and substrate. Solid lines correspond to 
the exact solution of matrix problem for h=1;  dotted lines correspond to scalar solution for h=1; dashed (short) lines correspond to scalar solution 
for h=2; dashed (long) lines correspond to scalar solution for h=10; dot-dashed  lines correspond to matrix solution for h . 
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Here b is the half length of the delamination length. It is seen that the ratio of the critical stress, corresponding to 
buckling of the delaminated parts of coatings and the critical stress of a rigidly clamped plate, 2 2 2 2 (2)012 h b E
  , is 
determined by a single nondimensional parameter   , which is a combination of the elastic constants of the coating 
and substrate, and the ratio of the coating thickness and delamination length. The remaining formulae for 
components of matrix A appear to be useful for solving problems related to coating delamination from curved 
substrates (Ustinov and Kasparova, 2015). 
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